The order-disorder type phase transition caused by the vibronic interaction (collective Jahn-Teller effect) in a monoclinic CuInP 2 S 6 crystal is analyzed. For this purpose, a trigonal protostructure model of CuInP 2 S 6 is created, through a slight change in the crystal lattice parameters of the CuInP 2 S 6 paraelectric phase. In parallel to the group-theoretical analysis, the DFT-based ab initio band structure calculations of the CuInP 2 S 6 protostructure, para-, and ferriphases are performed. Using the elementary energy bands concept, a part of the band structure from the vicinity of the forbidden energy gap, which is created by the d -electron states of copper, has been related with a certain Wyckoff position where the Jahn-Teller's centers are localized. A construction procedure of the vibronic potential energy matrix is generalized for the case of crystal using the elementary energy bands concept and the group theoretical method of invariants. The procedure is illustrated by the creation of the adiabatic potentials of the Γ 5 -Γ 5 vibronic coupling for the protostructure and paraphase of the CuInP 2 S 6 crystal. A structure of the obtained adiabatic potentials is analyzed, followed by conclusions on their transformation under a phase transition and the discussion on the possibility for the spontaneous polarization to arise in this crystal.
Introduction
The order-disorder type phase transitions occur in a series of compounds, including the CuInP 2 S 6 one [1] and, in particular in the case of this crystal, they can be explained by the realization of the cooperative Jahn-Teller effect (see e.g., references [2, 3] ). The theory of this effect described in literature [4] is based on the partially model approach. Namely, the effect of vibronic interaction in the Jahn-Teller's centers in a unit cell of a crystal is considered, and further, the interaction between these centers is modeled. It should be emphasized, that a procedure describing the realization of the collective Jahn-Teller effect is discussed in book [4] . However, as opposed to the consideration here, it is not founded on the real band structure of crystal. Instead, the collective Jahn-Teller effect is studied in reference [4] in a model way, i.e., the effect is analyzed initially at the isolated structural unit that coincides with the Jahn-Teller center (unit cell of a crystal or another atoms formation which has a degenerated electronic state and is unstable with respect to Jahn-Teller effect), and next, minimization of the potential energy of interaction between structural units is performed.
As opposed to molecules, where the degenerate or pseudodegenerate local electron states take part in the vibronic process, in crystals the band structure E (k) over the Brillouin zone (BZ) should be taken into account. This circumstance forces us into searching for a new approach to describe the Jahn-Teller effect in crystals which will be the subject of study in this paper. Herein, we present a theory of the Jahn-Teller effect illustrated for the CuInP 2 S 6 crystal. The theory is based on the symmetry of the crystal band structure in the framework of the elementary energy bands (EEBs) concept, introduced in papers by Zak [5, 6] . The essence of this concept is that the information about the symmetry and topology of the band structure of a crystal is encoded in the site-symmetry group of a certain Wyckoff position, that was identified later on as the actual Wyckoff position [7, 8] . The physical meaning of the actual Wyckoff position has been demonstrated in our papers [7, 8] , where it has been shown that the maximum of the spatial valence electron density distribution is focused in this position in the unit cell of a crystal. Moreover, representations of the irreducible band representation describing the symmetry of the EEBs that form the crystal valence band can be induced only from the irreducible representations (irrep) of the site-symmetry group of the actual Wyckoff position. The most evident example of a relation between the EEB's symmetry, actual Wyckoff position, and the localization of maximum of the valence spatial density distribution in this position are germanium, silicon, A 3 B 5 type crystals, and the superlattices based on them [8] .
It should be expected that the band structure of crystals with the Jahn-Teller centers will be composed of the EEBs reflecting the local symmetry of certain Wyckoff positions which, in turn, coincide with certain Jahn-Teller centers. Since the EEBs concept allows us to present the 'spatial issue' (i.e., the energy spectrum of crystal) as the issue concerning a point symmetry, it is possible to utilize in our approach the theory of the Jahn-Teller effect, elaborated for molecules [9] .
The structure of this paper is as follows. In section 1, the information on the crystalline structure of CuInP 2 S 6 and its phase transition related to the Jahn-Teller effect is presented. A low symmetry of the CuInP 2 S 6 paraphase permits one to consider only the cooperative Jahn-Teller effect [4] . In order to demonstrate the existence of nearby-in-energy local electronic levels which are necessary to discuss this effect, a modelling of the high-symmetry CuInP 2 S 6 'protostructure' is performed in section 2, together with the comparative group-theoretical analysis of energy states of all CuInP 2 S 6 phases. Section 3 presents the results of the DFT-based ab initio band structure calculations of all phases of the CuInP 2 S 6 crystal. Attention is paid to the presence of the EEB in the band structure of paraphase, which is related to the Wyckoff position d where Cu atom is located. In section 4, the theory of Jahn-Teller effect is formulated, together with its generalization for the case of a crystal. A special role of the actual Wyckoff position as the information carrier about the electronic component of the vibronic instability is explained. Additionally, the symmetry of normal vibrations which are active in the Jahn-Teller effect is discussed for the CuInP 2 S 6 protostructure, based upon the irreducible representations of the site-symmetry group of the actual Wyckoff position. In the vibronic instability analysis, the normal vibrations which are associated with the degenerate states near the energy gap have been checked with respect to their activities in the above mentioned group-theory sense, for several high-symmetry points in the BZ. This has been done to confirm the validity of using the site-symmetry group of the actual Wyckoff position, whose symmetry encodes the symmetry of the EEB associated with d -states of copper. Section 5 is devoted to the construction of the vibronic potential energy in a matrix form, as well as of the adiabatic potentials for protostructure and paraphase. The Pikus' method of invariants [10] is used there for the first time to solve such kind of a problem. The final section 6 presents the analysis on the completeness of our approach in the description of the Jahn-Teller effect, as a mechanism of the transition from the para-to ferriphase in the CuInP 2 S 6 crystal.
Structure and symmetry of the CuInP 2 S 6 crystal
The CuInP 2 S 6 crystal possesses a layered structure (see figure 1 ) with the atomic layers separated by the van der Waals gaps [11] . A single atomic layer is composed of the octahedral sulfur framework in which Cu, In, and P-P atom pairs fill the octahedral voids. A peculiarity of the CuInP 2 S 6 crystal structure is the presence of three types of copper atoms sites which are partially occupied, i.e., (i) quasitrigonal Cu1, shifted from the centers of the octahedra, (ii) octahedral Cu2, located in the centers of the octahedra, and (iii) nearly tetrahedral Cu3, which penetrates into the interlayer space. The occupancy of these positions varies significantly with temperature [2] . Furthermore, there are two types of Cu1 positions: Cu1 u which is shifted upward from the middle of the layer, and Cu1 d , shifted downwards from it. At low temperatures (T < 153 K), copper atoms fully occupy positions Cu1 u [1] . Upon heating, the occupancy of the elementary unit cell without change of the number of structural units [1] .
In the region of the phase transition from the ferrielectric to paraelectric phase (T c = 315 K), the positions Cu1 u and Cu1 d are filled with equal probability and the polarity of both copper sublattices disappears. This phase transition is accompanied by the space symmetry group change, within the monoclinic system, from Cc (C ) (paraphase). Above T c = 315 K, the Cu1 u and Cu1 d sites become equivalent, while at higher temperatures the Cu1 occupancy decreases, and the Cu2 and Cu3 sites start to fill up (see figure 1 ). In our study below, we shall focus on the premises of the order-disorder type phase transition that occurs at T c = 315 K.
The lattice parameters of both ferrielectric and paraelectric phases of CuInP 2 S 6 are as follows [2] : a = 6.09559 Å, b = 10.56450 Å, c = 13.6230 Å, β = 107.1011
• , while the primitive cell parameters are a 1 = 13.6230 Å, a 2 = a 3 = 6.096846 Å, α = 120.0311
• , β = γ = 98.4508
• . Crystals of both phases belong to the monoclinic base-centered lattice. The basis vectors of the primitive lattice can be expressed by the lattice parameters in the following way a 1 = c, a 2 = (a − b)/2, a 3 = (a + b)/2, and we associate with them a non-orthogonal x, y, z coordinate system shown in figure 2.
The symmetry group C 6 2h (C12/c1) of the CuInP 2 S 6 paraphase is chosen in such a way that the two-fold leading axis coincides with vector b. Moreover, the values of its lattice parameters allow us to construct 
Model of CuInP 2 S 6 protostructure and comparative group-theoretical analysis
A paraphase of the CuInP 2 Se 6 crystal which is relative to CuInP 2 S 6 belongs to the trigonal system with hexagonal Bravais lattice and is described by the D 2 3d space symmetry group [12] . Both this fact and the appropriate values of the CuInP 2 S 6 primitive lattice parameters (a 1 , a 2 , a 3 , α, β, γ) urge us to create a model of the CuInP 2 S 6 protostructure with the trigonal symmetry. This can be done in the following way.
A three-fold leading axis can be directed along the primitive vector a 1 , which will become the basis vector c in the hexagonal unit cell, a 1 = c. A slight deformation applied to the angles β and γ can transform them into the right angles. As a result, a hexagonal lattice is obtained with parameters c = 13.623 Å and the angle γ = 120
• , which roughly coincides with the angle α = 120.0311
• of the monoclinic unit cell. Hence, the monoclinic a 1 axis becomes the c axis of the hexagonal lattice, and two monoclinic basis vectors with length a 2 = a 3 spanning the angle 120
• lie in the plane perpendicular to c axis. Next, the atomic coordinates of the CuInP 2 S 6 paraphase are slightly changed from their original sites in such a way that the obtained trigonal CuInP 2 S 6 protostructure is described by the D (P312/c) space group of the relative CuInP 2 Se 6 crystal. The atomic coordinates of the CuInP 2 S 6 protostructure are contained in table 2.
As it is known, there exist 6 different kinds of the Brillouin zone for a monoclinic lattice [10] , depending on the relation between the basis vectors length of the direct and the reciprocal spaces, respectively. In our case, the BZ is presented in figure 3 , together with the description of the high-symmetry points, expressed by the combination of b 1 , b 2 , and b 3 reciprocal lattice vectors [10] . Passing from the monoclinic to the hexagonal model cell. these three vectors are transformed in the following way, b 1 
• . The resulting hexagonal BZ with high-symmetry points of the CuInP 2 S 6 protostructure is presented in the right-hand part of figure 3 . A correspondence between the high-symmetry points, their irreducible representations of the
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hexagonal BZ for the model protostructure. Highsymmetry points: Γ: 0, M :
wave vector groups for the trigonal CuInP 2 S 6 protostructure and the CuInP 2 S 6 para-and ferriphases is displayed in table 3.
The investigation on the additional degeneracy of energy states due to the time reversal symmetry for some high-symmetry points of the BZ, on the presence of extrema in E (k) dependencies in these points, as well as on the dispersion laws near these points have been performed for the symmetry groups C 6 2h (paraphase) and C 4 s (ferriphase) in paper [13] . In order to determine the changes in the energy spectrum parameters when passing from the protostructure to the CuInP 2 S 6 paraphase, we have performed a group-theoretical analysis of the E (k) dependencies in some high-symmetry points of the hexagonal
space symmetry group). This comparative group-theoretical analysis will serve as an additional verification of the validity to simulate the phase transition by using the CuInP 2 S 6 protostructure model. In our studies the Herring's criterion [14] , Rashba formula [15] , as well as the Pikus' method of invariants [10] have been applied. Table 4 presents the investigation results concerning the presence of extrema in the E (k) dependencies in certain directions of the hexagonal and monoclinic BZs, as well as of the addi- Table 3 . The correspondence between the high-symmetry points, as well as between the irreducible representations for the hexagonal BZ of protostructure and the monoclinic para-and ferriphases of CuInP 2 S 6 .
follows that the extrema in the E (k) dependencies can be observed in all three main directions of the BZ in the vicinity of certain high-symmetry points of hexagonal BZ and their counterparts, i.e.,
space symmetry group exhibits 6 irreducible representations in the BZ center [16] , two of which (Γ 5 (E g ) and Γ 6 (E u ) in notation by Kovalev [16] ) are two-dimensional. Therefore, they are of particular interest for our study. These representations are reduced to two onedimensional representations, describing split energy states, at the transition from C . This is an important remark that validates the necessity to model the trigonal protostructure of the CuInP 2 S 6 crystal. A near-in-energy distance between the split energy states, described by the one-dimensional irreducible representations, can indicate slight changes in structural parameters when passing form the real paraphase to the trigonal CuInP 2 S 6 protostructure. As will be shown below, the ab inito band structure calculation results confirm both the presence of a small splitting of the Γ 5 and Γ 6 degenerate states when passing form the trigonal to monoclinic CuInP 2 S 6 crystal, and the occurrence of such splitting at other BZ points of the monoclinic lattice.
The important information confirming the correct modelling of protostructure at which the parameters of the energy spectrum are changed slightly can be obtained by the analysis of the dispersion laws for charge carriers in the vicinity of certain high-symmetry points from the corresponding Brillouin zones.
Below we present the investigation on the dispersion law near the point Γ for the doubly-degenerate Γ 5 state of the CuInP 2 S 6 protostructure. For this purpose, the Pikus' method of invariants [10] is used. In this 
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method, the secular matrix D(k), which allows one to obtain the E (k) dependence, is presented as a sum of invariants. The invariants are products of the A i s basis matrices and the f (k) functions depending on the wave vector components, whose symmetry is defined by means of the symmetric and antisymmetric decomposition of square character of the irreducible representation Γ 5 . The decomposition is defined as [10] uneven functions f − (k) are transformed according to τ s = Γ 3 . The A i s basis matrices which enter the sum of invariants can be obtained using a transformation rule of a matrix of the given order, under the effect of symmetry operations. In particular, for Γ 1 , the basis matrix will be identical to the second order unity matrix σ 1 , and for the representation Γ 5 , the basis matrices will be the σ x and σ z Pauli matrices. In order to determine the basis functions f + = k
) for the representation Γ 1 , and f + = k x k z (k y k z ) for Γ 5 , the projection operator method has been used [10] . It should be noted that the obtained D(k) matrix does not contain any components, which are transformed according to the irreducible representation Γ 3 . This is a consequence of parity of the corresponding basis function, whose application result does not coincide with that of an inversion element, for this representation. Our analysis allows us to present the secular matrix D(k) in the following form:
By solving the resulting secular equation, the following dispersion law for charge carriers of the CuInP 2 S 6 protostructure is obtained for the electron state described by the irreducible representation 5) where ∆ denotes the energetic distance between two interacting states. A comparison of equations (2.3) and (2.5) shows that both matrices are composed of functions of the same wave vector components. From the analysis presented above it follows that the comparison of the band structures of the paraphase and of the CuInP 2 S 6 protostructure model is essential, in particular, in the Γ point. This issue will be discussed in the next section.
3. Ab initio band structure calculations of CuInP 2 S 6 protostructure, para-and ferriphases
Electronic energy structure of the CuInP 2 S 6 protostructure, para-, and ferriphases has been calculated within the framework of the density functional theory [17, 18] in the local approximation (LDA) [19, 20] , by means of the software packages ABINIT and SIESTA [21, 22] . In our calculations, plane waves and linear combination of atomic orbitals have been used correspondingly as a basis set for ABINIT and SIESTA programs. A periodic crystal structure has been taken into account through the boundary conditions at the boundaries of the unit cell. Ab initio norm conserving pseudopotentials [23, 24] 4 .
The cutoff energy E cut = 20 Ry of plane waves for the self-consistent calculation has been chosen to obtain a convergence in the total energy of the cell not worse than 0.001 Ry/atom. Such basis set consists
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Vibronic interaction in crystals with the Jahn-Teller centers of about 6000 plane waves. The total and partial electronic densities of states have been determined by a modified method of tetrahedra [25] , for which the energy spectrum and wave functions are calculated on the 80 points k-mesh. Integration over the irreducible part of the Brillouin zone has been performed using the special k-points method [26, 27] . Finally, the optimization of the structural parameters has been done for all phases CuInP 2 S 6 . A contribution of particular atomic orbitals in the creation of various valence band ranges has been analyzed by means of the partial density of states function.
Figures 4 and 5 show parts of the band spectrum of the protostructure and paraphase of CuInP 2 S 6 crystal, respectively, together with the partial density of electronic states functions. As can be seen, the 
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obtained valence band edges throughout the Brillouin zones are weakly dispersive for both phases of CuInP 2 S 6 . Both phases exhibit indirect bandgaps. In particular, the valence band top of the protostructure is located in the H -K direction, while the conduction band minimum is present in the Γ point.
Moreover, the valence band top of the CuInP 2 S 6 paraphase (figure 5) is composed of the elementary energy band which consists of four weakly split branches. Since the valence band top of the CuInP 2 S 6 protostructure exhibits an identical topology (i.e., 4-branch EEB), it can be stated that this elementary energy band is indeed suitable for analysis of protostructure -paraphase transformation of the CuInP 2 S 6 . In addition to the band structure calculations, we have performed the symmetry description of the obtained energy states near the energy gap in the Γ point of both phases. As a result, two highest energy states of the CuInP 2 S 6 protostructure are described by two-dimensional irreducible representations Γ 5 and Γ 6 in the Γ point, in the direction of increasing energies. By comparing figures 4 and 5 it can be seen that these states undergo splitting when passing from the trigonal protostructure to the monoclinic paraphase. As a result, four nearby-in energy states described by one-dimensional irreducible representations from the monoclinic C 6 2h space group are obtained. Furthermore, the representations are reduced in the following way, Γ 5 → Γ 2 + Γ 4 , Γ 6 → Γ 1 + Γ 3 . The obtained representations exhibit different parity, i.e., Γ 2 and Γ 4 are uneven representations, while Γ 1 and Γ 3 are even ones. When the symmetry of the system is further lowered, i.e., the transition from paraelectric to ferrielectric phase occurs, the discussed four states become more distant in energy and the corresponding four-branch subband becomes more spread which indicates that the connection between the respective branches is weaker (see figure 6 ). 
Vibronic interaction as a mechanism of the configuration change of molecule and of the order-disorder phase transition in crystals with degenerate electron states
As it is known, some symmetric molecules can undergo the Jahn-Teller effect [9] , which consists in lowering the symmetry of molecule due to the electron-vibronic interaction. As a result of this interaction, a degenerate electronic term is split and a rearrangement of the vibronic spectrum occurs. For the molecule configuration to be stable, the molecule energy, which is a function of the distance between cores, should exhibit a minimum at the given configuration of cores. It means that the expression that 33705-10 describes the energy change due to a small shift of core positions cannot contain terms linear with respect to the normal coordinates. Neglecting the adiabatic approximation, the expression that describes the potential energy of an electron subsystem can contain terms dependent on the electron subsystem coordinates. This can lead to the instability of the molecule, change in its configuration, as well as to the degeneracy removal of the electronic state, which takes part in this vibronic interaction.
A part of the Hamiltonian of electron subsystem related to the deviation from the adiabatic approximation can be written with accuracy to quadratic terms of the normal coordinates, which are treated as parameters of the potential energy, in the following way:
where r denotes a set of coordinates of the electron subsystem. Expression (4.1) is at the same time the perturbation term of the Hamiltonian H 0 that describes the electron subsystem of the symmetric configuration of molecules. The first-order perturbation correction linear with respect to normal coordinates, which describes the electronic energy of a molecule, can be written, within the adiabatic approximation by means of the matrix element
where Ψ ρ and Ψ σ denote wave functions of the electron subsystem describing a degenerate electron term.
The HamiltonianĤ 1 is invariant with respect to the transformations of the symmetry group, of considered system. Since it contains a linear term of decomposition in series with respect to Q αi , the coefficients V ρσ (r ) and W αβi k (r ), dependent on the coordinates of electron subsystem, are transformed under the action of symmetry elements in the same way as the normal coordinates Q αi , or their products. The subscript α denotes the number of irreducible representation, while i is the number of the basis wave function of this representation.
In analogy to the way how the dispersion law E (k) for charge carriers has been found, in our approach a secular equation is used, where the Hamiltonian is presented in a matrix form with the elements 〈Ψ * ρ |Ĥ 1 |Ψ σ 〉. This Hamiltonian is called the vibronic potential energy operator [4] . It should be noted that those vibrations which are related to the linear terms of the vibronic interaction operatorĤ 1 with respect to the normal coordinates are called active vibrations in the Jahn-Teller effect. By solving the secular equation, the so-called adiabatic potential is obtained, which can be used to predict the presence of some stable or unstable configurations of a molecule. Recently, a construction procedure of the vibronic potential energy and of the adiabatic potential for a high-symmetry molecule by means of the Pikus' method of invariants has been reported [28] . It has been demonstrated that the representations τ s according to which the functions dependent on the normal coordinate components are transformed, together with the vibrations active in the Jahn-Teller effect, as well as the matrices A i s contained in invariants [10] , can be obtained only based upon a decomposition of the symmetric square of character of the irreducible representation, which describes a degenerate electron state.
While investigating the Jahn-Teller effect in a crystal, a problem arises how to transform the criteria obtained for the degenerate electron states to the corresponding energy bands E (k) in the BZ. It is obvious that one should concentrate first on the energy states which form a vicinity of the forbidden energy band gap. In this case, a possibility occurs for exchanging energy between electrons from a degenerate state and the respective phonons, if this process is allowed by the selection rules. It has been demonstrated in the previous section that copper d -electron states create a connected so-called elementary energy band throughout the BZ at the valence band top of CuInP 2 S 6 . Therefore, as opposed to molecules, one should consider this EEB in the CuInP 2 S 6 crystal, instead of a degenerate d -electron level. As it is mentioned in introduction, the symmetry of the EEB is described by the so-called irreducible band representation [5, 6] . Since neither periodicity of the CuInP 2 S 6 crystal lattice nor the number of atoms in a unit cell is changed in its phase transition, it should be expected that a phonon with the symmetry described by the representation of the wave vector group in q = 0 will be active in the Jahn-Teller effect. Note that in order to identify a normal mode that is active in the vibronic interaction, we utilize in our study a
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fact that the EEB of the CuInP 2 S 6 valence band top originates from the d -electron states of copper atoms. These atoms, in turn, occupy the Wyckoff positon d ( ) coincide, in turn, with the localization of the Jahn-Teller center in the CuInP 2 S 6 crystal. Hence, the actual Wyckoff position d can be regarded as a distinct center, where the information on the electronic band structure of the CuInP 2 S 6 crystal is encoded. Therefore, in order to find the symmetry of a normal vibrational mode that is active in the Jahn-Teller effect, it is enough to consider a decomposition of the symmetric square of characters of the representation induced from the irreducible representations of the site-symmetry group of the actual Wyckoff position d . This site-symmetry group coincides with the factor group of space-symmetry group of CuInP 2 S 6 at the point k = 0.
Hence, it can be postulated that the above group-theoretical procedure to find a vibrational mode that is active in the Jahn-Teller effect coincides with the procedure elaborated for molecules. In order to confirm this statement, a direct calculation concerning the Jahn-Teller's criterium can be performed, for all high-symmetry points of the BZ, describing the states from the vicinity of the forbidden energy gap of the discussed crystal. Generally, in the case of centrosymmetrical crystals, the wave vector groups can contain an inversion element I . If it is the case, then the action of this element on a wave vector is as follows,
where b is a reciprocal lattice vector. However, the construction of the symmetric square of representation characters differs in both cases. In the first case, the symmetric square of representation characters of the k 0 wave vector group can be decomposed into irreducible representations of the k 0 wave vector group by means of the formula [15] 
where n s is the number of irreps τ s in the considered direct product, n denotes the number of elements in the space group, and χ s is the character of irreducible representations of the wave vector group in the center of the BZ. When the wave vector group does not contain the inversion element, the decomposition is as follows [15] ,
where R denotes an element that transforms the k 0 into −k 0 (inversion in our case, since it is present in the space group of a centrosymmetrical crystal).
As we have demonstrated in section 3, the valence band top of the CuInP 2 S 6 crystal protostructure is composed of the EEB that is created by d -electron states of copper. Meanwhile, its symmetry is described by the following irreducible band representation, 5) that is related to the actual Wyckoff position d ( Hence, the analysis of energy states that are situated in these high-symmetry points of the BZ becomes crucial. The wave vector groups at points K ( 
33705-12
5. Vibronic potential energy and adiabatic potential of CuInP 2 S 6 protostructure and paraphase
We shall find in the beginning of this section the normal vibrational modes of the CuInP 2 S 6 crystal protostructure which take part in the vibronic instability. By analyzing the transformation of the atomic positions under the action of symmetry elements of the structure, the following expression that describes the character of the mechanical representation is obtained
In order to construct a matrix of the vibronic potential energy that is connected with the doubly-degenerate electron states of the EEB (4.5), one should establish first the symmetry of the normal vibration (phonon) that is active in the Jahn-Teller effect. Correspondingly, by applying decomposition . The construction procedure of this matrix is analogous to the way how the dispersion law E (k) was obtained in section 2. In order to create the matrix of the vibronic interaction potential energy, it is necessary to construct some invariants in the form of matrices being the products of Q 1 and Q 2 functions, and their combinations. Theses matrices and functions are transformed according to the representation τ s = Γ 5 . Similarly to the D(k) matrix, the above matrices should be chosen in the form of Pauli matrices, as well as a secondorder unity matrix. It is obvious that the normal coordinates Q 1 and Q 2 are also transformed according to the representation Γ 5 . Using the projection operator technique and the matrix of representation Γ 5 written in a real basis (see table 7 in appendix) one obtains that the functions Q 2 1 − Q 2 2 and 2Q 1 Q 2 are transformed according to the representation Γ 5 , as well [28] . Moreover, these functions forming the basis of the representation Γ 5 are mutually transformed one into another under the action of the D 3d space group symmetry elements. In order to obtain a result of the action of a D 3d group element on the first of the above functions, one should utilize the first row of Γ 5 matrix, while in the case of the second function, the second row. Finally, the resulting D(Q 1 ,Q 2 ) matrix for the vibronic coupling Γ 5 -Γ 5 , or Γ 5 -Γ 6 can be written as a sum of invariants,
where ω denotes the frequency of a phonon in the harmonic approximation, V and W are matrix elements of the linear and quadratic vibronic coupling, Γ 1 , and Γ 6 denote representations which describe degenerate electron states of the CuInP 2 S 6 protostructure. The solution of the secular equation
leads to the adiabatic potential.
In order to obtain a more convenient expression for further manipulations, one shall express equation (5.2) in the Cartesian coordinates. It should be taken into account at the same time that the basis of representation Γ 5 are the x 2 − y 2 and 2x y functions. Next, changing to the polar coordinate system (ρ, ϕ)
in which the ρ axis coincides with the c leading axis of the protostructure crystal, we are in position to 33705-13 write the D(ρ, ϕ) matrix elements as follows:
The adiabatic potential ε calculated from the respective secular equation takes the form
A dependence of the adiabatic potential versus ρ and ϕ coordinates, together with its cross-sections for various energy values, is presented in figure 7 .
As can be seen from figure 7, the obtained adiabatic potential possesses 6 minima. Such a shape of the adiabatic potential allows a transition from the CuInP 2 S 6 protostructure to the paraphase of the symmetry C 6 2h , since its symmetry with respect to the inversion operation is then preserved. It should be noted here that the symmetry of the CuInP 2 S 6 protostructure crystal is the same as that of paraphase of a related CuInP 2 Se 6 crystal. The shape of adiabatic potential (5.5) for the CuInP 2 Se 6 paraphase allows, therefore, its phase transition to the ferrielectric phase of the symmetry C 2 3v , at the simultaneous loss of symmetry with respect to the inversion operation. Moreover, the shape of (5.5) reflects the presence of the inversion element in the symmetry group D 2 3d of the CuInP 2 S 6 protostructure. The ε(ρ, ϕ) function which exhibits 6 minima is transformed during the phase transition to the paraelectric phase of CuInP 2 S 6 to a function having 2 minima, whereas at the phase transition paraphase-ferriphase of CuInP 2 Se 6 , this function attains 3 minima.
The two-minima adiabatic potential can be obtained in an analogous way for the paraphase of CuInP 2 S 6 . It is responsible for the realization of the Jahn-Teller pseudoeffect, which is connected with the existence of two nearby-in-energy electron states. As has been demonstrated in section 3, when passing from the model protostructure of the CuInP 2 S 6 crystal to its paraphase, there occurs a splitting of the double degenerate electron states in points Γ, K , and H of the elementary energy band that forms the vicinity of the forbidden band gap (figure 4). Moreover, two doubly degenerate electron states which are described in the Γ point by representations Γ 5 and Γ 6 are reduced to representations of the monoclinic paraphase as follows: Γ 5 → Γ 2 +Γ 4 , Γ 6 → Γ 1 +Γ 3 . As a result, there occurs a splitting of two double degenerate states into four energy states, described by one-dimensional representations with different parity. The adiabatic potential takes the form:
(5.6)
Due to the presence of pairs of states Γ 1 and Γ 2 as well as Γ 3 and Γ 4 with the opposite parity, the Jahn-
Teller pseudoeffect can take place in the system. States with the opposite parity are connected by a phonon with odd parity. This leads to the appearance of the dipole moments in the CuInP 2 S 6 crystal. As a consequence of the vibronic interaction between the quasi-degenerate electronic state and a polar phonon, the levels nearby-in-energy become apart from one another, a connection between them is lost, and the adiabatic potential becomes a single minimum one. In the case of double minimum adiabatic potential related to the CuInP 2 S 6 paraphase, two possible atomic sites Cu u and Cu d of copper in the unit cell are filled with equal probability. When the transition to the single minimum adiabatic potential takes place, the ordering of dipoles occurs with the appearance of spontaneous polarization.
Conclusions
It has been demonstrated in this paper that it is enough to use a local symmetry of the crystal's actual Wyckoff position where the Jahn-Teller center is located in order to obtain a correct theory of the order-disorder type phase transitions in crystals. The group-theoretical approach together with the Pikus' method of invariants can be successfully utilized to construct the vibronic potential energy, and the adiabatic potential of a crystal. At the same time, it should be taken into account that the information on the symmetry and topology of the whole energy band structure of a crystal is encoded in the symmetry of the actual Wyckoff position. The developed approach allows one to find the mechanisms of the effect on the parameters of the phase transition in the CuInP 2 S 6 crystal, which will be the subject of the study elsewhere. 
